We prove that the Minkowski spacetime is stable at nonlinear level and to all perturbative orders in the gravitational perturbation in a general class of nonlocal gravitational theories that are unitary and finite at quantum level.
A class of nonlocal generalizations of the Einstein-Hilbert theory for gravity has been proposed and extensively studied in the last years [1] [2] [3] [4] . A nonlocal gravitational model have been proposed for the first time by Krasnikov in 1988 and studied by Kuz'min in 1989 [6] . More recently, it has been proved that nonlocal gravity (NLG) is finite in odd dimension, while a slightly modification of the theory turns out to be finite in even dimension too [1] [2] [3] [4] . The unitarity issue in nonlocal field theory has been addressed in [7] where it has been proved that perturbative unitarity is preserved at any order in the loop expansion.
At classical level, all the solutions of Einstein's gravity in vacuum are solutions of NLG too [8] . Moreover, it has been shown that a Ricci flat spacetime is stable under linear perturbations if it is stable in Einstein's gravity [9, 10] (see also [11] ). Therefore, based on the Wheeler-Regge result, it turns out that the Schwarzschild spacetime is stable in NLG at linear level.
In the context of Einstein's gravity, the global stability of the Minkowski spacetime has been established long time ago [14] , see also [15] . In particular, any Strongly Asymptotically Flat (SAF) initial data set satisfying a Global Smallness Assumption (GSA) evolves in a smooth, geodesically complete and asymptotically flat solution of vacuum Einstein's euations. Therefore, the SAF and GSA conditions define the class of small perturbations under which the Minkowski metric is stable. In this paper we show that this theorem is still valid in NLG.
We consider the following minimal nonlocal action for the gravitational field,
where R, R µν and G µν are the Ricci scalar, Ricci curvature and the Einstein tensor respectively. Moreover, V (R) is a generalized potential at least quadratic in the Ricci and/or Einstein's tensor, while R stays for scalar, Ricci or Riemann curvatures, and derivatives thereof. Finally, the form factor γ( ) depends on the non locality scale ℓ ≡ √ σ and is defined by
where f (z) is an entire analytic function without zeros or poles at finite distance in the whole complex z plane, e.g. f (z) = exp H(z). The equations of motion for the action (1) have been derived in [12] 1 and read
where T µν ≡ −(2/ √ −g)δS m /δg µν is the matter stress-energy tensor. Moreover, Q 2 (Ric) is a sum of local and nonlocal analytic terms at least quadratic in the Ricci tensor and/or the Ricci scalar [12] , e.g.
for integer n, m, l (the label 2 stays exactly for at least quadratic in the Ricci tensor). However, regardless of the explicit form of Q 2 (Ric), in what follows it will be only relevant that Q 2 (Ric) is at least quadratic in Ric, which implies the following perturbative expansion:
Since we are interested in the stability of Minkowski spacetime in vacuum, hereafter we set T µν = 0. We start our analysis considering small perturbations of the Minkowski metric, i.e.,
where η µν is the Minkowski metric and ǫ ≪ 1 is a small dimensionless parameter. We then proceed to determine the vacuum solutions of (3) perturbatively. We will show that equations (3) are verified iff the Einstein's tensor G µν vanish at any perturbative order in ǫ. Therefore, we conclude that the evolution of small perturbations of Minkowski spacetime is the same in NLG and in general relativity. This implies that the stability of Minkowski spacetime against small perturbations is the same in NLG and Einsteins gravity. In order to obtain the perturbative expansion of the equations of motion (3), we start expanding in power series in the small parameter ǫ the tensors and tensor operators that appeared in (3), see [17] for a review. We first expand h µν and then the Einstein's tensor G µν , namely
Notice that the leading contribution to the Einstein tensor is of order ǫ because G
Similarly, we can expand the covariant derivative as
where we have shown explicitly only the first term ∇ (0) α = ∂ α , since the other terms will not be needed. Now let us define and expand the following differential operator in (3)
and (0) = η ρσ ∂ ρ ∂ σ . We also define and expand the following differential operator again present in (3), namely
From the definitions and expansions (8) and (9) it follows that
and
Let us consider the operator Q 2 (Ric) and express it as
where Ric is the Ricci scalar or the Ricci curvature, D is a short notation for some differential operator, e. g. D = σ , c n1,n2 and c n1,n2,n3 are dimensionless parameters, and the dots indicate a sum of terms of order higher than third in Ric. We can expand D and Ric in powers of ǫ as
where we have used the fact that Ric (0) (η) = 0. From eq.(12) it follows that if Ric (k) = 0 ∀k < n, then one has Ric = O(ǫ n ). Moreover, by means of (13) one has D = O(1), so that
Finally, the Bianchi identity can be expressed perturbatively by the means of (6) and (7) as
Now we are ready to solve (3) perturbatively. At the lowest order ǫ 1 , eq. (15) gives ∂ α G (1)αβ = 0, which also implies:
where we have used the fact that the operator γ( (0) ) commute with the ordinary derivates ∂ α . Therefore, the operator in (10) is null at order ǫ 1 . Moreover, since G (0) µν = 0 implies Ric (0) = 0 and Ric = O(ǫ), from eq.(14) we see that the term Q 2 (Ric) is at least of order ǫ 2 , hence it does not contribute to the equations at the order ǫ 1 . In conclusion, in vacuum and at first perturbative order ǫ 1 , eq.(3) reads
and, since f ( (0) ) is invertible, this equations admits the unique solution G
(1) µν = 0. The invertibility of f (σ (0) ) is a simple consequence of the fact that f (z) is an entire analytic function with no zeros nor poles for finite complex z. In facts, under such hypothesis we can expand f (σ (0) ) in power series of σ, so that the action of such operator on a test function φ will be
with c 0 = 0. Since (18) is analytic in σ, it must vanish at any order, i.e., it must be ( (0) ) n φ = 0, ∀n ≥ 0, which implies that φ = 0. Therefore, the operator f (σ (0) ) is invertible because it is linear and its kernel is the zero function. Let us here emphasize the crucial role of the invertibility of the function f (z) in our result. In order to better understand this point, let us consider a function f (z) with a root of order q in z = m 2 , namely
which has non null solutions G (1) µν = 0, duo to the solutions of the equation (0) − m 2 q G (1) µν = 0. Therefore, if the function f (σ (0) ) would be non invertible, we would have G (1) µν = 0, and our proof could not be implemented. The outcome of our analysis of (3) at first perturbative order in ǫ is that G (1) µν must vanish. Before generalizing this result to any order, let us repeat our analysis at second order ǫ 2 . Using the Bianchi identity together with G (1) µν = 0 we see that it must be ∂ α G (2)αβ = 0, which in turn gives
The above equation, together with G (1) µν = 0, implies that A µναβ G αβ vanishes at second order in epsilon (see eq.(10)). Moreover, G (1) µν = 0 implies that Ric (1) = 0, indeed from eq.(14) it also comes that Q 2 (Ric) ∼ ǫ 4 . Thus, at order ǫ 2 eq. (3) reads
which, due to the invertibility of f (σ (0) ), implies that G
Now it is easy to infer that eq.(3) implies that G (15) gives ∂ α G (n+1)αβ = 0, which implies, by the means of (10), that A µναβ G αβ ∼ ǫ n+2 . Moreover, since G (m) µν = 0, ∀m ≤ n implies Ric (m) = 0, ∀m ≤ n, eq.(14) tells us that Q 2 (Ric) ∼ ǫ 2(n+1) . Finally, using (11) we conclude that at the order ǫ n+1 , equation (3) turns into f (σ (0) )G (n+1) µν = 0, which implies G (n+1) µν = 0. Summarizing, we have proved that eq.(3) implies that, at any perturbative order in the gravitational perturbation, it must be G (n) µν = 0. This, by means of eq.(6), implies that the Einstein's tensor must vanish, namely
Therefore, the stability analysis for the Minkowski spacetime in NLG is exactly the same then in Einstein's gravity at all perturbative orders. Notice that the inverse implication is straightforward, since G µν = 0 implies that (3) is automatically satisfied. Equation (22) makes evident that the stability of the Minkowski spacetime will be the same in NLG and in Einstein's gravity. Indeed, the dynamics of small perturbations around Minkowski is the same (at any perturbative order) in the two theories, which immediately allows us to infer about the evolution of small perturbations in NLG. Therefore, any Strongly Asymptotically Flat initial data set satisfying a Global Smallness Assumption entails a smooth, geodesically complete, and asymptotically flat solution of eq.(3) in the vacuum, which is in facts a solution of the Einstein's equations in the vacuum.
